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ABSTRACT: 

The article is devoted to problems of visual analysis of clusters structures for a multidimensional datasets. For visual analyzing an 

approach of elastic maps design [1,2] is applied. This approach is quite suitable for processing and visualizing of multidimensional 

datasets. To analyze clusters in original data volume the elastic maps are used as the methods  of original data points mapping to 

enclosed manifolds having less dimensionality. Diminishing the elasticity parameters one can design map surface which 

approximates the multidimensional dataset in question much better. Then the points of dataset in question are projected to the map. 

The extension of designed map to a flat plane allows one to get an insight about the cluster structure of multidimensional dataset. 

The approach of elastic maps does not require any a priori information about data in question and does not depend on data nature, 

data origin, etc.  Elastic maps are usually combined with PCA approach. Being presented in the space based on three first 

principal components the elastic maps provide quite good results.  The article describes the results of elastic maps approach 

application to visual analysis of clusters for different  multidimensional datasets including medical data. 

1. INTRODUCTION

In the analysis of multidimensional data classification tasks 

occupy a special place. When classifying the volume of 

multidimensional data, the problem of dividing the studied set 

of phenomena into classes can be solved, and the assignment of 

one or several phenomena to already existing classes can be 

done. Cluster analysis methods are used to solve such problems. 

There are a lot of methods and algorithms for cluster analysis at 

the moment, they are constantly evolving and differ in great 

variety. The variety of algorithms for cluster analysis is 

determined by a variety of different criteria that express certain 

aspects of the quality of automatic grouping. 

When solving classification problems, the approaches of visual 

analytics turn out to be very useful. These approaches combine 

a number of algorithms for lowering the dimensionality and a 

visual representation of multidimensional data in the manifolds 

of lower dimension embedded in the original volume. 

Such algorithms include the mapping of the original 

multidimensional volume by elastic maps with different 

elasticity properties. The methods of elastic maps construction 

are described in (Zinovyev A., 2000), (Gorban A. et al, 2007), 

(Gorban A., Zinovyev A., 2010).         These methods allow to 

extract the cluster structure from the original multidimensional 

data volume. 

It should be noted that interest in elastic maps appeared in the 

development of computational technology for constructing, 

processing, analyzing and visualizing multidimensional 

parametric solutions of computational fluid dynamics (CFD) 

problems. Computing technology is realized as a unified 

technological pipeline of algorithms for the production, 

processing, visualization and analysis of multidimensional data. 

Such a pipeline can be considered as a prototype of a 

generalized computational experiment for time-dependent 

problems of CFD. The scheme for implementing such a 

generalized numerical experiment is shown in Figure 1. 

Such a generalized numerical experiment implicitly assumes the 

existence of a reliable mathematical model, a numerical method 

for solving, and a set of experimental results for verification. In 

the process of computation it is necessary to realize the 

organization of a constant comparison with the experimental 

data in the presence of such opportunity. The set of methods 

should include the solution of inverse and optimization 

problems. Being realized with the help of parallel interfaces, 

these methods will allow to obtain solutions of parametric 

research problems and optimization analysis in the form of 

multidimensional data volumes. 

Figure 1. The scheme of generalized numerical experiment. 
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To process these volumes and to reveal hidden 

interdependencies between the parameters studied in the 

volume, it is necessary to integrate methods of analysis of 

multivariate data and their visual representation into a common 

set of algorithms. As a result, such generalized computational 

experiment will allow us to obtain a solution of not one single 

problem, but a solution for a whole class of problems specified 

by the ranges of change of the determining parameters. Practical 

implementation of such a generalized experiment can ensure the 

organization of large-scale industrial calculations. A description 

of the elements of the realized computing technology is given in 

(Bondarev A.E., Galaktionov V.A., 2015a) and (Bondarev A.E., 

Galaktionov V.A., 2015b). 

 

Elastic maps proved to be useful and rather universal tool that 

allowed to apply them to multidimensional volumes of data of 

different types. For example, this approach was applied to the 

problems of analyzing textual information, where the 

frequencies of the use of words were used as numerical 

characteristics (Bondarev A.E.et al, 2016). 

 

 

2. CONSTRUCTION OF ELASTIC MAPS 

The ideology and algorithms for construction of elastic maps 

are described in detail in (Zinovyev A., 2000), (Gorban A. et al, 

2007), (Gorban A., Zinovyev A., 2010).          Elastic map is a 

system of elastic springs embedded in a multidimensional data 

space. This approach is based on an analogy with the problems 

of mechanics: the main manifold passing through the "middle" 

of the data can be represented as an elastic membrane or plate. 

The method of elastic maps is formulated as an optimization 

problem, which assumes optimization of a given functional 

from the relative location of the map and data. 

 

According to (Zinovyev A., 2000), the basis for constructing an 

elastic map is a two-dimensional rectangular grid G embedded 

in a multidimensional space that approximates the data and has 

adjustable elastic properties with respect to stretching and 

bending. The location of the grid nodes is sought as a result of 

solving the optimization problem for finding the minimum of 

the functional: 

 

 

 
 

 

where │X│ is the number of points in the multidimensional 

data volume X; m is the number of grid nodes,  λ and μ are the 

elastic coefficients responsible for the stretching and curvature 

of the mesh; 

D1, D2, D3  are the terms responsible for the properties of the 

grid: 

 

 
  

 

D1 is a measure of the proximity of the grid nodes to the data. 

Here Kij are subsets of points from X for which the grid node rij 

is the closest one: 

 

 
 

 
 

The term D2 represents the measure of the stretching of the grid: 

 

 
 

The term D3 represents the measure of the curvature of the grid: 

 

 

 
 

 
 

 

Varying the elasticity parameters consists in constructing elastic 

maps with a consequent decrease in the elasticity coefficients, 

whereby the map becomes softer and more flexible, most 

optimally adjusting to the points of the original 

multidimensional data volume. After construction, the elastic 

map can be deployed in a plane to observe the cluster structure 

in the volume of data under study. The use of elastic maps 

makes it possible to more accurately and clearly determine the 

cluster structure of the studied multidimensional data volumes. 

 

It should be noted that the problem of scalability arises in the 

construction of elastic maps in a multidimensional data cloud 

consisting of condensations and individual remote points. The 

elastic map will try to adjust to the volume in question as a 

whole - both to distant points and to the areas of condensation. 

Such adjusting, naturally, can not turn out equally well. In order 

to solve this problem and provide a clear picture of the data in 

the condensation region, an approach called “quasi-Zoom” was 

proposed in (Bondarev A.E. et al, 2016). The approach consists 

in cutting out the condensation region from the cloud of 

multidimensional data under consideration and constructing of 

the elastic map for the cutted area again. This procedure can be 

repeated until an acceptable result is achieved. 

 

 

3. EXAMPLES OF ELASTIC MAPS CONSTRUCTING 

Let us consider an example of elastic maps constructing for the 

widely known test volume of multidimensional IRIS data 

(Zinovyev A., 2000). This volume is a set of data based on 

measurements of the characteristics of iris flowers. The data set 

describes three classes of irises and consists of 150 points in a 

four-dimensional space. Figure 2 presents a "soft" elastic map 

for this data set with a data density coloring. Here and further 

for the construction and visualization of elastic maps the 

software complex ViDaExpert is used, which is described in 

detail in (Zinovyev A., 2000). Figure 3 shows the same map 

unfolded on a plane. In this form, the map gives a fairly clear 

idea of the division of a multidimensional volume of data into 

three classes. 
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Figure 2. “Soft” elastic map in the space of three first principal 

components. 

 

 

Figure 3.The extension of elastic map on a flat plane. 

Next, consider the results of elastic maps applying to the task of 

analyzing of textual information. From the point of view of 

elastic maps constructing the original multidimensional volume 

is completely standard. Let us consider the results for the test 

volume described in (Bondarev A.E. et al, 2016). For primary 

tests about 100 verbs were selected with 155 most related 

nouns. The data thus obtained is further considered as a 

multidimensional data volume, representing 100 points in 155-

dimensional space. The numerical values of the resulting matrix 

are defined as the frequency of sharing. 

 

It should be noted that there were a number of pairs of similar 

perfect and imperfect verbs in the test data volume. This was 

done for additional control due to the assumption that the points 

corresponding to such pairs should be close to each other in the 

resulting image. An example of a "soft" elastic map is shown in 

Figure 4. Figure 5 shows the same map in expanded form. It can 

be seen that the volume of data under study contains a region of 

high data density and points quite far from this region. The 

problem was posed as follows. It was necessary to maximally 

separate the "stuck together" points. For this purpose, the 

"quasi-zoom" approach was used, which allowed to solve this 

problem. The results of the "quasi-zoom" application are shown 

in Figure 6. 

 

 
 

Figure 4: An example of elastic map for textual data volume. 

 

 

 
 

Figure 5: The extension of previous elastic map on a flat plate. 

 

 

 
 

Figure 6. The separation of points after "quasi-zoom" 

application 

 

 

The use of elastic maps for solving cluster analysis problems 

does not imply any a priori information about the studied data. 

This makes it possible to apply elastic maps to the analysis of 

biomedical data. For this purpose  the data from (Rocha Neto, 

A., Barreto, G., 2009) were used. This data set contains values 

for six biomechanical features used to classify orthopaedic 

patients into 2 classes (normal or abnormal). Each patient is 

represented in the data set by six biomechanical attributes 

derived from the shape and orientation of the pelvis and lumbar 

spine (in this order): pelvic incidence, pelvic tilt, lumbar 

lordosis angle, sacral slope, pelvic radius and grade of 

spondylolisthesis.  
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The data set contains 310 points in 6-dimensional space. Figure 

7 shows a "soft" elastic map for a given data set. The green dots 

correspond to the "normal" category, the red dots correspond to 

the "abnormal" category. Figure 8 shows an expanded map with 

a data density coloring. 

Figure 7: An example of elastic map for biomedical data. 

Figure 8: The extension of elastic map for biomedical data. 

The results obtained make it possible to get an insight of the 

relative position for the main classes in the multidimensional 

volume under question. However, in Figure 8 one can see a 

region of mixing data from two categories. This region is a 

region with high density of data. To improve the separation of 

classes, it is necessary to further improve the algorithm for 

elastic maps design. This can be done, for instance,  by 

reduction of grid cells size of the map in areas of high data 

density. 

4. CONCLUSIONS

For the analysis of cluster structures in a multidimensional data 

volume it is proposed to use elastic maps technologies, which 

are methods for mapping points of the original 

multidimensional space onto submanifolds of lower 

dimensionality embedded in this space. By varying the surface 

of the elastic map by consecutively reducing the elasticity 

coefficients, it is possible to achieve better matching of the map 

adjustment to a multidimensional data cloud. After reducing the 

flexural and stretch ratios of the elastic map, it becomes softer 

and more flexible, most optimally adjusting to the points of the 

original multidimensional data volume. The use of elastic maps 

technologies for solving cluster analysis problems does not 

imply any a priori information about the studied data and does 

not depend on their nature, origin, etc. The examples of 

constructed elastic maps are given for text analysis tasks and for 

medical data. 
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