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ABSTRACT: 

 

The attitude metrology of moving objects has always been a hot topic in engineering applications. In this article, a novel optical method 

based on the high-speed Mueller matrix ellipsometry (MME) is proposed for real-time remote attitude sensing. With the help of an 

electric level, all the attitude angles of a free-moving object with a birefringent waveplate attached can be simultaneously extracted in 

real time. Compared with existing ellipsometry-based attitude metrology that can only be used in the transmission mode, the proposed 

method with the advantages of the high-speed MME can expand the application to both the transmission and reflection modes while 

maintaining higher accuracy and robustness in an ultra-large measurement range. The basic principle is presented via theoretical 

derivation, and the change in the Mueller matrix of the birefringent waveplate versus the attitude angles is explored in the simulated 

experiments. In a series of the dynamic experiments, with the extremely high temporal resolution and accuracy of the high-speed MME, 

an angular resolution up to 0.00022° and an angular accuracy better than 0.01° are achieved in the real-time attitude tracking of the 

free-moving object. As an additional benefit, the real-time angular velocity and acceleration of all the attitude angles can be obtained 

simultaneously. These experimental results demonstrate that the proposed attitude metrology is ready to be applied to the real-time 

remote attitude sensing with high angular resolution and accuracy. 

 

 

1. INTRODUCITON 

Out of the six degrees of freedom for determining the motion of 

a free-moving object, the measurement of the three attitude 

angles (yaw φ, pitch θ and roll ϕ) describing rotary motion are 

indispensable in the fields of navigation of the aircraft (Wang and 

Wang, 2019), robotics control (Liu et al., 2015) and precision 

manufacturing (Dong et al., 2016). At present, the popular 

attitude metrologies are commonly performed by combing the 

attitude sensor information (Crassidis and Markley, 2016; Zhi et 

al., 2018), visual image analysis (Cornall et al., 2006; Sim et al., 

2002), laser autocollimation method (Saito et al., 2009; Chen et 

al., 2016), and so on. However, the systems utilizing the sensor 

information should be equipped with multiple sensors to 

accurately measure the attitude angles simultaneously, which will 

make the systems complicated and costly. The accuracy of the 

visual image analysis is greatly affected by the weather and 

environment. The laser autocollimation method has high 

sensitivity and accuracy, but its measurement range is limited. 

The above techniques cannot be applied to some special 

applications, such as the vibration monitoring of the machine tool 

(Goyal and Pabla, 2016) and the attitude calibration of the 

precision stages (Huang et al., 2018), which require the attitude 

metrology to have high sensitivity and accuracy in a large 

measurement range, as well as high temporal resolution and 

environmental adaptability. In comparison, ellipsometry is a 

powerful optical metrology technique that can obtain 

comprehensive optical information of both the layered and bulk 

materials (Liu et al., 2015). The attitude metrology based on the 

ellipsometry has the advantages of non-contact, flexibility, low 

cost, high accuracy and sensitivity, large measurement range, and 

shows great potential in the attitude metrology (Li et al., 2005). 

Recently, more and more researchers have conducted detailed 

researches on the attitude metrology using ellipsometry. Chen et 

al. presented a roll-angle sensor based on the principle of 
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polarization modulation by a quarter-wave plate (Chen et al., 

2019). Although a notably large dynamic range of 0°~180° and a 

resolution of 0.02° are achieved, the angular accuracy is only 0.3°. 

Treichel et al. presented an attitude sensor using two 

perpendicular linearly polarized laser diodes for amplitude and 

polarization modulation, which has achieved an accuracy of 1 

arcsec with the roll in the range of ±30°, pitch and yaw in the 

range of ±5° (Treichel et al., 1999). However, the attitude angles 

are obtained separately under different instrument configurations. 

Zhang et al. combined the field-of-view effect of birefringent 

crystal with the high-speed polarimetry for real-time attitude 

tracking (Zhang et al., 2020), the method has an accuracy of 0.02° 

with the roll in the range of 0°~360°, pitch and yaw in the 

theoretical range of ±90°. However, the extraction of the attitude 

angle is performed under a specific polarization state of the 

incident light, which makes the measurement process 

cumbersome and introduces additional measurement errors. 

Meanwhile, since the attitude angles are extracted from the 

measured Stokes vector, it cannot eliminate the complex 

influence of unexpected polarization properties (such as 

depolarization, linear diattenuation caused by the light reflecting 

back and forth between the optical elements in the sensing unite) 

on the attitude metrology in the reflection mode. Then, the 

method is only suitable to be used in the transmission mode, 

which limits the application of the method. In contrast, the high-

speed Mueller matrix ellipsometry (MME) is able to provide the 

complete Mueller matrix within several microseconds in each 

measurement, and thereby is capable of offering much more 

useful sample information such as anisotropy and depolarization 

in real time (Zhang et al., 2020). The attitude metrology based on 

the high-speed MME is no longer implemented under a specific 

polarization state of the incident light and can eliminate the errors 

caused by the unexpected polarization properties, which will 

improve the applicability, accuracy, sensitivity and robustness of 

the attitude measurement. These advantages make the high-speed 
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MME a potential solution for the real-time remote attitude 

sensing. 

In this work, we present an MME-based attitude sensor, which 

implements the attitude sensing from the measured attitude-

dependent Mueller matrix of a birefringent waveplate attached to 

the object. Since the proposed attitude metrology inherits the 

unique advantages of the high-speed MME, it is feasible for both 

transmission and reflection modes and can achieve real-time 

remote attitude tracking with high accuracy and robustness in an 

ultra-large measurement range, i.e., the roll in the range of 

0°~360°, the theoretical ranges of the yaw and pitch are −90°~ 

90°, respectively. Through theoretical derivation of the principle, 

the mapping between the attitude angles and the Mueller matrix 

is constructed in the simulation experiments. In the dynamic 

experiments, the consistency between the measured and 

simulated Mueller matrices verifies the correctness of the 

proposed method. By using the high-speed MME with a temporal 

resolution of 11 μs, an angular resolution up to 0.00022° and an 

angular accuracy better than 0.01° have been achieved in the real-

time remote attitude tracking of a rotating object. Additionally, 

the real-time angular velocity and acceleration of all the attitude 

angles can be accurately obtained at the same time. These real-

time remote attitude tracking results demonstrate the advantages 

and applicability of the proposed metrology. 

 

2. EXPERIMENTAL SETUP 

The instrument used for the attitude metrology is a high-speed 

complete MME with a sub-microsecond temporal resolution. The 

MME consists of three parts: a polarization state generator (PSG), 

a sample stage and a polarization state analyzer (PSA), as shown 

in Fig. 1. The PSG contains a light source, a linear polarizer and 

two photoelastic modulators (PEMs), and can generate any 

polarization state. The light source is a 5 mW red (632.8 nm) He-

Ne laser (HNL050LB, THORLABS). The nominal frequencies 

of the two PEMs (II/FS47, II/FS50LR, Hinds) are 47.11 KHz and 

50.00 KHz respectively, making the modulation frequency of 

PSG reach 100KHz. The PSA is a six-parallel-channel full Stokes 

polarimeter, which can detect the full Stokes vector of a polarized 

light with an arbitrary polarization state in several nanoseconds 

(Zhang et al., 2018). The sample stage consists of a pitch angle 

adjustment stage, a yaw angle adjustment stage and a motorized 

rotation stage (PRM1Z8, THORLABS), which can continuously 

change the roll ϕ within the range of 0~360°, and fix the yaw φ 

and pitch θ at an arbitrary value within the range among ±30° and 

±7°, respectively. The sensing unit in the transmission mode (SUT) 

is a quartz multi-order quarter-wave plate (WPMQ10M-633, 

THORLABS), while the sensing unit in the reflection mode (SUR) 

consists of a quartz multi-order quarter-wave plate with a 

reflective layer, a plano-convex lens and a 50:50 (R:T) non-

polarization beam splitter (NPBS). The MME is mounted on a 

rotatable base so that it can be easily switched between the 

transmission mode and the reflection mode. 

 

3. PRINCIPLE AND METHOD 

The quartz waveplate used in the attitude metrology is a uniaxial 

birefringent crystal, in which the two refractive indices ne and no 

are in the directions parallel with and perpendicular to the optical 

axis, respectively. When a polarized light propagates through the 

uniaxial birefringent crystal, a phase difference δ will be 

introduced between the extraordinary and ordinary rays in the 

outgoing light (Wu et al., 1984), as shown in Fig. 2. And the δ 

can be calculated by Eq. (1). 

 

 
2

=
π

δ L
λ

,  (1) 

where λ is the vacuum wavelength of the incident light, L is the 

optical path difference between the extraordinary and ordinary 

rays. 

 
Figure 1. The high-speed MME: P - polarizer; PEM1 and PEM2 

- photoelastic modulators; C1 - quart-wave plate; C2 - half-wave 

plate; CR - quartz multi-order quart-wave plate with a reflective 

layer; CT - quartz multi-order quart-wave plate;  S –Sample; 

PBS - polarization beam splitter (PBS); NPBS1 - 70:30 (R:T) 

non-polarization beam splitter (NPBS); NPBS2, NPBS3 - 50:50 

(R:T) NPBS; L - plano-convex lens; Ry- reflective layer; DAQ - 

oscilloscope; PC - personal computer; PMT - photomultiplier 

tube; (a) the MME prototype, (b) light path diagram of the 

reflection mode; (c) light path diagram of the transmission 

mode; 

 
Figure 2. Schematic of the light propagation in the waveplate 

under arbitrary attitude angles, xw-yw-zw is the coordinate system 

of the waveplate, xg-yg-zg is the coordinate system of the ground. 

H is the horizontal plane, which is composed of the xg-yg axis. 

The ϕ refers to the azimuth of the incident plane with respect to 

the optical axis, which also represents the roll. The β refers the 

incident angle of the input light. The angle between xw axis and 

the projection of xw on the H plane is the pitch θ, and the angle 

between the projection and yg axis is the yaw φ. WP is the 

birefringent waveplate; Ry is the reflective layer: (a) the 

transmission mode; (b) the reflection mode. 

 

It is well known that the extraordinary index ne will change 
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with the incident angle in the uniaxial crystal, while the ordinary 

index no remains unchanged (Gu et al., 2017; Veiras et al., 2010). 

If the optical axis of the waveplate is parallel with the yw-axis, the 

effective refractive indices along yw-zw axis can be expressed as 

 

 

1/2

2 2
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1 sin cos
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y
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n n
n n

n n
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= + −   
    

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 (2) 

 

According to the propagation of the light in the waveplate 

shown in Fig. 2, the optical path difference Lt and Lr in the 

transmission and reflection modes can be written as Eq. (3) and 

Eq. (4), respectively. 
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where d is the thickness of the waveplate. And it should be noted 

that the θ and φ are coupled in the measurement of the incident 

angle β, where cosβ=cosθcosφ. In order to decouple them, the θ 

is measured by an electric level (HVT815T-30, MSENSOR 

TECHNOLOGY), which has a sampling rate of 100Hz and an 

accuracy of 0.007°. 

Combined with the above description and derivation, a 

theorical mapping between the attitude of the waveplate and its 

retardance can be established:  
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When the polarized light is obliquely incident, the quartz 

waveplate exhibits not only linear birefringence (LB), but also 

weak linear diattenuation (LD) and circular birefringence (CB) 

(Arteaga et al., 2009; Gu et al., 2015). To construct the mapping 

between the attitude angles and the Mueller matrix, the 

polarization properties of the waveplate in the transmission and 

reflection modes are respectively expressed as: 

 

 c
WPT rd t CB( , , , ) ( ) ( , ) ( ,) ( ),M R M R M= −          (6) 
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where the superscripts “c” represents the calculated matrix; LD 

is described with a diattenuation angle ψ (Gu et al., 2018); the 

CB is described with an optical rotation angle γ (Lo, 2012). The 

muller matrix of the reflective layer MRf is a diagonal matrix, 

whose diagonal elements are 1, 1, −1, and −1. Meanwhile, the 

forms of the undefined matrix are: 
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In principle, the light intensity matrix B measrued by six PMTs 

can be obtained by multiplying the modulation matrix W of PSG, 

the Mueller matrix of the sample Mwpt and the demodulation 

matrix A of the PSA (De Martino et al., 2003) in the transmission 

mode:  

 

 
m
WPT ,=B AM W  (10) 

 

where the superscripts “m” represents the measured matrix; the 

demodulation matrix A is obtained by the in-situ calibration 

process of the PSA (Zhang et al., 2018). The modulation matrix 

W is composed of the Stokes vector of the incident polarized 

light. 

In comparison, in order to ensure that the light reflected from 

the tilted waveplate can be detected by the PSA in the reflection 

mode, a NPBS and a plano-convex lens are introduced in the SUR 

for light collimation. And the collimation is achieved by the 

incident light passing through the lens along the optic axis and 

then reflecting from the focal point of the lens, as shown in Fig.3. 

Since there are additional optical elements in the reflection mode, 

the matrix form in the flection mode is rewritten as: 

 

 
m

BSR L WPR BST ,=B AM M M M W  (11) 

 

where MBSR and MBST are the reflection and transmission 

Mueller matrix of the NPBS, which can be in-situ calibrated 

before the attitude tracking (Zhang et al., 2018). ML is the 

Mueller matrix of the plano-convex lens.  

Since the polarization effect of the lens will introduce errors to 

the attitude metrology, a calibration method is proposed for the 

lens. In order to reduce the influence of the polarization effect of 

the lens on the attitude metrology, the lens used should be made 

of isotropic material. In this way, the polarization effect of the 

lens mainly comes from the surface, while the polarization effect 

of the internal space can be ignored. 

According to the propagation trajectory of light reflected from 

the waveplate shown in Fig. 3, we can obtain the following 

angular relationship with geometric optics and Fresnel equation: 

 
Figure 3. Schematic of the light propagation in the plano-

convex lens: r is lens surface radius, WP - waveplate with 

reflective layer; S1 and S2 – surface of the lens. 
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where nL is the refractive index of the internal space of the lens. 

When the reflected light passes through the surfaces S1 and S2 of 

the lens, the transmission coefficients of the p- and s-components 

of the light are tp1, tp2, ts1 and ts2 respectively, which are defined 

as: 
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Then, the Mueller matrix of the lens under arbitrary incident 

angle can be expressed as: 
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where η is defined as: 
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It should be noted that the lens loses its polarization effect 

when the light passes along the optical axis of the lens, i.e. the 

ML becomes an identity matrix. 

Based on the above derivation, the measured Mueller matrix 

of the waveplate under arbitrary attitude angles in the 

transmission mode and the reflection mode can be obtained from 

the detected light intensity: 

 

 
m 1 1
WPT ,− −=M A BW  (16) 

 

 
m 1 1
WPR BSR L BST ,− −=M (AM M ) B(M W)  (17) 

 

Finally, a least-squares regression analysis (LSRA) is 

introduced to obtain the measurand vector x, which is defined as 

x= (ϕ, β, ψ, γ): 
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where mij is element in the i-th raw and j-th column of the Mueller 

matrix. Ω denotes the associated parameter domain of the x, 

where the parameter domains are 0°≤ϕ≤360°, −90°＜β＜90°, 

−90°≤ψ≤90° and −180°≤γ≤180° respectively.  

Since the pitch θ is measured by an electric level in real-time, 

and the incident angle β can be extracted from the measured 

Mueller matrix, then the yaw φ can be calculated by  

 

 
cos ( )

( ) = arccos[ ].
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t
t
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 (19) 

As an additional benefit, the real-time angular velocity ω and 

acceleration α of the attitude angles can be extracted simultaneously: 
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4. NUMERICAL SIMULATION 

A numerical simulation based on the above theoretical derivation 

is carried out to explore the change in the Mueller matrix of the 

birefringent waveplate versus attitude angles (ϕ, β). It should be 

noted that the proposed attitude metrology is theoretically 

feasible with the ϕ in range of 0°~360°, the θ and φ in the range 

of −90°~90°. However, limited by the clear aperture (CA) of the 

waveplate and lens and the travel of the adjustment stages, our 

method can only be demonstrated with θ in the range of −7°and 

7°, and φ in the range of −30° ~ 30° for the practical experimental 

configurations. Therefore, the simulation experiment is 

performed in the range 0°~360° for ϕ and −30° ~ 30° for β. Since 

LD and CB are usually weak when β is small, the ψ=45° and γ=0° 

are set in the simulation. Simulation results of the transmission 

and the reflection modes are shown in Fig. 4. 
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Figure 4 Normalized Muller matrix of the birefringent 

waveplate under different attitude angles (ϕ, β): (a) transmission 

mode; (b) reflection mode. 

 

Figure 4 shows the normalized Mueller matrix of the 

birefringent waveplate under different roll ϕ and incident angle β. 

In both of the transmission and reflection modes, the Mueller 

matrix elements in the first row and the first column are zero. 

However, it does not mean that they do not vary with the attitude 

angle. In the practical birefringent device, as the β deviates from 

0°, the LD and CB will be stronger and stronger, i.e. ψ deviates 

from 45° with an amplitude of about 0.5°, γ deviates from 0° with 

an amplitude of about 1°. These deviations will cause the 

elements vary between −0.02 and 0.02, which should be handled 

carefully in the accurate attitude metrology.   

In contrast, the elements of the 3×3 matrix block in the lower 

right corner regularly deviate from −1 to 1 versus the attitude 

angle. The variation of the Mueller matrix is symmetric about 

β=0°. And when the β is in the range of −5°~5°, the Mueller 

matrix remains almost unchanged with the β, indicating a low 

sensitivity of the attitude angle measurement in this interval. The 

sensitivity in this interval can be improved by optimizing the 

thickness of the waveplate. When the β is outside the range of 

−5°~5°, the variations of the 3×3 matrix block elements are more 

and more intense as the absolute value of β increases. Besides, 

when β is constant, the Mueller matrix elements change 

periodically with the roll ϕ. The variation period is 180° in the 

transmission mode and 90° in the reflection mode, respectively. 

The difference in the variation periods is caused by the different 

optical path differences in these two modes. 

 

5. EXPERIMENT AND DISCUSSION 

In this section, the correctness of the proposed metrology is 

firstly proved by the consistency between the theoretical 

prediction results and the actual measurement results in the 

normal incidence dynamic experiment in the transmission mode. 

Moreover, the successful application of the proposed metrology 

in the variable velocity oblique incidence experiment has 

demonstrated its applicability. The results achieved in the 

dynamic experiments of the transmission mode demonstrate the 

feasibility and robustness of the proposed method in the real-time 

attitude measurement of the free-moving object. Although only 

dynamic experiments in the transmission mode were 

implemented (dynamic experiments in the reflection mode are 

postponed due to the COVID-19), it can be expected that the 

proposed metrology can achieve considerable results according 

to the presented experimental setup and theoretical derivation.  

 

5.1 Normal incidence dynamic experiment 

The most specific example, namely the attitude measurement 

under the normal incidence in the transmission mode, is chosen 

to verify the correctness of the proposed metrology. In the 

dynamic experiment, the yaw φ and pitch θ are fixed at 0°, and 

the roll ϕ driven by the motorized rotation stage continuously 

changes with an angular velocity of 20°/s. The sampling rate of 

the attitude measurement is about 91.33KHz. The Muller matrix 

of the waveplate versus time (blue solid line) is shown in Fig. 5.  

It can be observed from Fig. 5 that the Mueller matrix elements 

in the first row and the first column nearly remain unchanged 

with ϕ, while the 3×3 matrix block in the lower right corner regularly 

change with ϕ. Combined with the theory derivation in section 3, 

the LSRA shown in Eq. (18) is used to extract the measurands 

vector x from the Muller matrix over time as shown in Fig. 6. 

Then, we can calculate the simulated Muller matrix with 

extracted x, which is shown in the red dotted line in Fig. 5. It can 

be seen that the measured Mueller matrix is highly consistent 

with the calculated one, which indicates the correctness of 

proposed method. 

 

 
Figure 5 Normalized Muller matrix of the waveplate versus 

time in the normal incidence dynamic experiment in the 

transmission mode. 

 

 
Figure 6 The measurands extracted from the Muller matrix in 

the normal incidence experiments: (a) incident angle β over 

time; (b) the preset and measured roll ϕ over time; (c) the 

optical rotation angle γ over time; (d) the polarimetric angle ψ 

over time. 

 

As shown in Fig. 6(a), the incident angle β does not remain at 

0° as expected, but fluctuates between -0.01° and 0.22°. The 

small regular fluctuation may be caused by the nonideal normal 

incidence with human operation and the misalignment of the 

waveplate rotation axis and the motorized stage rotation axis. 

And it can be observed from Fig. 6(b) that the roll ϕ increases 

linearly from −5° to 195°, which is highly consistent with the 

preset process. Meanwhile, as expected from the simulation 
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experiments, the optical rotation angle γ fluctuates around 0° with 

an amplitude not exceeding 1°, and the diattenuation angle ψ 

deviates from 45° with an amplitude not exceeding 0.5°, which 

proves that the LD and CB properties are weak when β is small. 

Additionally, combined with the measured results of β and ϕ, 

we obtain the retardance δ of the waveplate over time with Eq. 

(5), and the results are shown in Fig. 7(a). The retardance is about 

88° instead of 90°, which may be due to the thickness error of the 

waveplate and the surface defects. Since the retardance δ of the 

waveplate will not change with the ϕ under normal incidence 

theoretically, the small variation in δ is caused by the small 

deviation in the β shown in Fig. 6(a). Besides, an angular 

resolution analysis is performed to demonstrate the angular 

accuracy and sensitivity of the presented attitude metrology. It 

can be observed that the error between the preset and measured ϕ 

shown in Fig. 7(b) fluctuates between ±0.01°. Since the MME-

based attitude metrology is a point-to-point angle measurement, 

the error should not be cumulative, and it is most likely caused 

by the unstable rotation of the motor. Meanwhile, the measured 

angular resolution of the ϕ varies around the preset value 0.00022° 

with an amplitude deviation not exceeding 0.00001°, which 

indicates a high angular sensitivity of the proposed method. It 

should be noted that the angular accuracy and sensitivity is not 

only limited by the proposed attitude metrology, but also related 

to the performance of the motorized stage used in the experiments. 

Therefore, further improvements in the motor and motor control 

system may help us achieve better angular sensitivity and 

accuracy. 

 
Figure 7 Relative results in the normal incidence experiment: 

(a) retardance δ over time; (b) measurement error ϕEr over time, 

in which ϕEr is defined as the preset results minus the measured 

results. (c) the measured and preset resolution Δϕ over time, in 

which Δϕ(t)= ϕ(t+Δt) - ϕ(t), Δt=11 μs; 

 

5.2 Oblique incidence dynamic experiment 

On the premise of maintaining versatility, we performed an 

oblique incidence dynamic experiment under arbitrary attitude 

angles within the measurement range limited by the hardware. As 

an example, the pitch θ and yaw φ are firstly fixed at 6° and 20° 

by the adjustment stages respectively, and the angular velocity ωϕ 

of roll varies between 0°/s and 20°/s with a maximum 

acceleration of 20°/s2. Meanwhile, to simulate the actual attitude 

of a free-moving object as realistically as possible, we 

simultaneously rotate the yaw angle adjustment stage manually, 

which makes the incident angle β vary with the ϕ. The sampling 

rate of the attitude measurement is still about 91.33KHz. The 

Muller matrix of the waveplate versus time is shown with the 

blue solid line in the Fig. 8. And the extracted measurand vector 

x of the oblique incidence experiment is shown in Fig. 9. 

 

 
Figure 8 Normalized Muller matrix of the waveplate over time 

in the oblique incidence dynamic experiment. 

 

It can be observed from Fig. 8 that the Mueller matrix elements 

in the first row and the first column still fluctuate around 0, while 

the variation of the 3×3 matrix block in the lower right corner 

with ϕ is no longer regular. Then, the simulated Muller matrix 

reconstructed with the measurand vector x is shown with the red 

dotted line in the Fig. 8. The consistency between the measured 

and calculated matrix indicates that the proposed attitude 

metrology is still effective in the complex motion process. 

 

 
Figure 9 The measurands extracted from the Muller matrix in 

the oblique incidence experiments: (a) incident angle β over 

time; (b) the measured roll ϕ over time; (c) the optical rotation 

angle γ over time; (d) the polarimetric angle ψ over time. 

 

As shown in Fig. 9(a), the β increases irregularly from 20.81° 

to 24.22° when the θ is fixed and the φ is changed manually. And 

the small deviations in the γ and ψ shown in the Fig. 9(c) and 9(d) 

indicate the existence of weak CB and LD properties. Meanwhile, 

to achieve a detailed analysis of the change process of ϕ shown 
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in Fig. 9(b), we calculate the angular velocity ωϕ and acceleration 

αϕ of roll with Eq. (20) and Eq. (21), and the results are shown in 

Fig. 10(a) and 10(b). Combined with results of ϕ, ωϕ and αϕ, the 

regular variation of the ϕ can be roughly divided into three stages 

Sti (i=1,2,3). In the first two stages St1 and St2, when the ϕ 

increases by 30°, the ωϕ undergoes a trapezoidal change, while 

the ωϕ increases from 0°/s to the maximum velocity and then 

maintain the maximum velocity in the last stage St3. The 

maximum ωϕ are 10°/s, 15°/s and 20°/s in the three stages 

respectively. And the αϕ in the acceleration or deceleration 

process also undergoes a trapezoidal change, the maximum αϕ is 

20°/s2 in all three stages. Here, the acceleration time required for 

the parameter value from 0 to the maximum is defined as tac, 

while the deceleration time required for the parameter value from 

the maximum to 0 is defined as tdc. It can be observed that the tac 

and tdc in the change of the ωϕ and αϕ are equal. Besides, the tac of 

ωϕ increases with the increase of the maximum ωϕ, while the tac 

of αϕ remains unchanged at about 0.23s. The preset change of ϕ 

is accurately restored in detail with the proposed method. 

Since the θ and φ are coupled in the β, the θ is measured by an 

electric level. Because the sampling rate of the electric level is 

much lower than that of the high-speed MME, the piecewise 

linear interpolation is used to achieve the nominal sampling rate 

matching. As shown in Fig. 10(c), the θ increases from 6° to 6.07°, 

which may be due to the small misalignment of the waveplate 

rotation axis and the motorized stage rotation axis. Since the 

increment is rather small, it is meaningless to present the angular 

velocity and acceleration of the θ here. Combined with the 

measured β and θ, we can obtain the φ over time with Eq. (19), 

and the results are shown in Fig. 10(d). It can be observed that 

the manually driven φ experiences three different increments Ici 

(i=1,2,3) as shown in Fig. 10(d~f). In the first increment Ic1, the 

φ increases from 20° to 21.9°, and the angular velocity of yaw ωφ 

first quickly increases to 1.45°/s and then slowly decreases to 0°/s, 

while the acceleration αφ first quickly increases to 4.15°/s2 and 

then quickly decreases to -1.8°/s2. In the second increment Ic2, 

the φ increases from 21.9° to 22.6°, and the angular velocity of 

yaw ωφ first slowly increases to 0.39°/s and then slowly decreases 

to 0°/s, while the acceleration αφ fluctuates around 0.38°/s2. In the 

last increment Ic3, the φ increases from 22.6° to 23.55°, the 

angular velocity of yaw ωφ increases from 0°/s to 1.82°/s, and the 

acceleration αφ increases from 0°/s2 to 3.6°/s2. The complex 

change of the manually driven φ has been captured with the 

proposed method.  

 

 
Figure 10 Relative results of attitude angle in the oblique 

incidence experiment: (a) angular velocity of roll ωϕ over time; 

(b) angular acceleration of roll αϕ over time; (c) the pitch θ over 

time; (d) the yaw φ over time; (e) angular velocity of yaw ωφ 

over time; (f) angular acceleration of yaw αφ over time. 

 

In the oblique incidence dynamic experiment, not only all the 

attitude angles can be captured accurately in real-time with the 

proposed attitude metrology, but also the real-time angular 

velocity and acceleration of all the attitude angles can be obtained 

simultaneously. The results and discussion demonstrate the 

applicability and robustness of the proposed method in the real-

time remote attitude monitoring of the free-moving object. 

 

6. CONCLUTION 

A novel optical sensor is presented for real-time remote attitude 

tracking of the free-moving object. The sensor utilizing the high-

speed MME achieves attitude sensing from the attitude-

dependent Mueller matrix of a birefringent waveplate attached to 

the object. With the unique advantages brought by the high-speed 

MME, the proposed attitude metrology is no longer implemented 

under a specific polarization state of the incident light, which can 

eliminate the errors introduced by the unexpected polarization 

properties. These advantages make the method applicable to an 

ultra-large measurement range with high accuracy and robustness 

in both of the transmission and the reflection modes. The basic 

principle is introduced via the theoretical derivation and the 

mapping between the Muller matrix of the waveplate and the 

attitude angles is constructed in the simulation experiments. 

Through the dynamic experiments in the transmission mode, the 

correctness of the proposed method is firstly verified by the 

consistency between the measured and calculated Mueller matrix. 

Then, benefitting from the high temporal resolution and accuracy 

of the high-speed MME, an angular resolution up to 0.00022° and 

an angular accuracy better than 0.01° are achieved in the real-

time remote attitude tracking of a rotating object. Additionally, 

the real-time angular velocity and acceleration of all the attitude 

angles can be obtained simultaneously. It should be noted that 

although only dynamic experiments in transmission mode are 

currently performed, according to the experimental setup and 

theoretical derivation presented, considerable results can also be 

achieved for the dynamic experiments in the reflection mode, 

which will be carried out in the near further after the COVID-19. 

In conclusion, results achieved in the transmission mode are 

sufficient to prove the applicability and advantages of the 

proposed method in the real-time remote attitude sensing, such as 

the in-situ attitude calibration of the high-precision machines or 

the attitude monitoring of the high-speed moving object. 
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