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Abstract

Point clouds are now a primary geometric basis for documenting the built environment; however, their analytical value is often con-
strained when points are treated as mere sets of 3D coordinates, without considering their local behaviour within a neighbourhood.
This paper addresses this limitation through a reproducible, robust, and comparable workflow grounded in differential geometry,
aimed at deriving slope and curvature descriptors via the numerical estimation of first and second derivatives. The framework sup-
ports coherent reading and comparison across datasets: surveys acquired through terrestrial laser scanning and photogrammetry are
homogenised and denoised; normal vectors and normal-orientation fields are computed; directional assessments are then performed
by extracting profiles along section planes, where controlled smoothing enables stable estimates of derivatives and curvature.

Numerical processing combines open-source tools for point cloud handling with scripted routines (Python for automation and MAT-
LAB for profile-based calculations). The method is validated on three experimental case studies, differing in scale and domain: (i)
the Gleno Dam in Val di Scalve, where slope and curvature maps support the identification of local anomalies and discontinuities;
(ii) the bridge over the Carso stream in Nembro, compared with an idealised geometry to assess as-built deviations and behaviour
in terms of inflection points and curvature inversions; and (iii) a geotechnical laboratory test on a sandy-slope model conducted in a
centrifuge, where pre-/post-test comparisons reveal anisotropic deformation trends and associated curvature variations. The contri-
bution also discusses the influence of key parameters and outlines future developments towards fully open-source implementations

and Al-assisted morphological interpretation.

1. Introduction

The numerical analysis of point clouds is a core component
of digital surveying and three-dimensional representation
in architecture and structural engineering. In contempor-
ary 3D models—characterised by high information density,
increasingly accurate metric control, and growing internal
consistency—spatial information no longer serves solely as a
geometric description of reality but becomes an informative
resource for morphological reading and interpretation. A point
cloud is therefore not merely a discrete set of coordinates: it
is a queryable structure that supports investigative operations
beyond figurative aims, enabling a broader understanding
of the built environment. The point acts as an indicator of
the discrete sampling of a surface and, through controlled
abstraction, is transformed into an algebraic relation that
can be examined conceptually and mathematically. The skin
is not simply reconstructed; it becomes an object of study
(and a means for study). First derivatives describe local
change within a neighbourhood and are associated with slope
and aspect; second derivatives, by contrast, capture intrinsic
behaviour through curvature, allowing planar, concave, and
convex regions to be distinguished, as well as transitions and
discontinuities to be identified.

This approach is rooted in classical differential geometry,
beginning with the foundational contribution of Carl Friedrich
Gauss. He argues that knowledge of the surface derives not
from its global configuration but from the way it changes
locally (Gauss, 1828). The implications are immediate: only
by numerically reconstructing infinitesimal change does a
surface acquire coherent and interpretable geometric meaning.

Derivative-based indicators should thus not be seen as merely
additional attributes, but as conceptual tools that enable
methodologically grounded interrogation of geometry. In
continuity with this perspective, Bernhard Riemann reinforces
the idea that the geometric characteristics of a space arise
from local relations among its components; metric properties
are, consequently, founded on infinitesimal relations between
contiguous elements (Riemann, 1867). Felix Klein further em-
phasises that geometry should not be understood as the study
of rigid figures, but rather as the study of logical behaviours
that remain invariant under transformations (Klein, 1872).
Although developed in an abstract context, this paradigm is
particularly relevant to digital surveying, where tools derived
from differential calculus established geometric principles:
slope describes the magnitude and direction of change, whilst
curvature reveals intrinsic behaviour and stability. Numerical
analysis, therefore, responds not to purely computational
demands but to the need to make explicit and measurable
those infinitesimal variations which, in the tradition of differ-
ential geometry, contain the most informative clues about the
structure of the built environment.

2. Differential Geometry and Geomorphological
Descriptors

The differential analysis outlined in the preceding theoretical
framework becomes fully operational when a surface is not
described by an analytical expression, but is reconstructed
from a point cloud, that is, from a generally irregular discrete
sampling. Differential quantities do not depend on an isolated
point, but on the configuration of neighbouring points. They
are shaped by local geometry and vary with both the size of
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the neighbourhood considered and the level of approximation
adopted. Applying differential calculus to point clouds there-
fore entails a controlled numerical transposition, influenced
by the scale of analysis and the extent of the region under in-
vestigation. Its outcomes are strongly conditioned by sampling
density, noise, the presence of outliers, and the regularisation
rules and criteria adopted.

Geomorphometry, the discipline that quantitatively describes
landscape forms through morphological indices, provides an
important precedent for the study of point clouds (Xiong et
al., 2022). Here too, a discrete sampling of a surface can be
transformed into derived measures (e.g., slope and curvature)
that support an objective interpretation of the constructive
features of the surveyed environment. Between the 1970s
and 1980s, the field developed a range of operators for form
analysis by applying numerical procedures to sampled data
(Evans, 2019), (Zevenbergen and Thorne, 1987), (Pike, 1988).
Although conceived of natural landscapes, this methodological
framework is now readily extendable to the built heritage.
Early computational models were largely based on regular
grids derived from cartographic representations. Subsequent
approaches also considered the area surrounding vertices, using
it to estimate the attitude of the tangent plane and the direction
of the normal vector. Today, processing commonly relies
on approximating the surface by means of a scalar function
defined over a 2D (or 2.5D) domain; from this representation,
spatial derivatives yield morphometric descriptors capable
of characterising form. These descriptors do not merely add
numerical values: they make explicit geometric properties that,
through morphological inspection alone, would remain difficult
to observe or to identify. Two broad categories are typically
distinguished: derivative descriptors (slope, aspect, curvature)
and morphometric indices (obtained through analytical com-
binations of other quantities). Their interpretation, however, is
tightly scale-dependent, because derivative estimates vary with
the extent of the adopted neighbourhood.

First derivatives provide descriptors of slope and aspect,
both attributable to the local gradient. Slope measures the
magnitude of elevation change; geometrically, it corresponds to
the norm of the gradient and therefore expresses the intensity
of local change with respect to the tangent plane. Aspect, by
contrast, describes the direction of the maximum gradient and
indicates the direction of change. In the case of built heritage,
these descriptors have important diagnostic value because they
enable discontinuities and changes in orientation to be identi-
fied—whether intentional (as in edges, mouldings, and joints)
or incidental, including those related to ageing (deformations
and irregularities arising from settlement and/or deterioration
processes). The choice of neighbourhood remains decisive and
must be both justified and consistent: a neighbourhood that is
too small makes the estimate unstable and sensitive to noise,
whereas an overly large neighbourhood tends to filter out detail
and produces an excessively smoothed description of form.

Second derivatives yield measures of curvature, which,
like slope, depend on the direction chosen on the surface
and make it possible to highlight bending, transitions, and
changes in morphological regime, distinguishing concave,
convex, or near-planar regions. Curvature is therefore not
unique and may be adopted as an operational descriptor of
local behaviour along a single direction; it should always be
interpreted in relation to neighbourhood size and the degree
of approximation. Robustness also depends on data quality:

noise and outliers can significantly compromise the stability of
second-derivative estimates, which are typically more sensitive
than first-derivative ones. In architectural and engineering
applications, curvature descriptors enable the detection of
minute variations in surface geometry and are fundamental for
recognising roughness, material loss, localised deformations,
and discontinuities between portions exhibiting homogeneous
behaviour.

In addition to derivative descriptors, geomorphometry
also considers morphometric indices derived from analytical
relationships among basic quantities. The most important
indices applied to built heritage include Topographic Position
Index, which measures a point’s relative position with respect to
its neighbourhood; Terrain Ruggedness Index, which quantifies
local roughness through mean elevation variability; and Relat-
ive Slope Position, which expresses relative placement along
a slope. In specific cases, further indices such as Curvedness
and Shape Index, derived from the principal curvatures, are
useful: they provide dimensionless measures of local form
and distinguish spherical, cylindrical, or planar components
(Koenderink and Van Doorn, 1992). These indices facilitate
comparison among surfaces and support segmentation into
classes.

Recent methods for estimating local normals directly on
point clouds, based on decomposing the covariance matrix
computed over a neighbourhood, make it possible to convert
plane orientation into two scalar quantities: Dip and Dip Dir-
ection. Geometrically, Dip represents the inclination angle that
the tangent plane forms with the horizontal, measured along
the line of maximum slope; Dip Direction is the azimuth of the
dip direction, i.e., the direction in which the plane descends
most rapidly (Mitra and Nguyen, 2003), (Mitra et al., 2004).
For built heritage, Dip and Dip Direction allow continuous
measurement and visualisation of deviations and deformations
relative to a reference model (out-of-plumb and out-of-level
conditions, local inflections, deformations, and misalignments
between nominally coplanar portions). This supports both
segmentation into surfaces exhibiting homogeneous behaviour
and quantitative comparison with a design model.

More recent algorithms, based on the computation of first-
and second-order directional derivatives, enable pointwise
measurement of how slope, aspect, and curvature vary along
specific directions. The surface can thus be analysed anisotrop-
ically, accounting for both orientation and the scale of analysis.
Moreover, comparing datasets acquired at different times
introduces a temporal dimension to morphological analysis,
making it possible to identify progressive changes, prevailing
directions of deformation, and trajectories of deterioration
over time (Hu et al., 2020), (Amatulli et al., 2020). From this
perspective, differential geometry applied to digital surfaces
emerges not only as a means of computing local attributes, but
also as an interpretative method for comparing different phases
and for reading transformations of form.

3. Operational Protocol Applied to Point Clouds

Defining a specific and replicable protocol for the “differential”
processing of point clouds, aimed at integrating data into
numerical-computation software, required the design of a
rigorous, disciplined, and meticulous workflow. The point
clouds were resampled to ensure homogeneous density, regular
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point spacing, and noise reduction (Pesci et al., 2022), by
optimising selection parameters, reprojection errors, and
reconstruction accuracy. This procedure ensured consistency
between data derived from terrestrial laser scanning and
photogrammetric capture (Russo et al., 2014). The models
were streamlined by removing unnecessary information—such
as colour and reflectance—retaining only spatial coordin-
ates. The entire process was carried out using open-source
software, in order to obtain a single, acquisition-independent
data format that can be readily applied across different contexts.

The methodological core of the process lies in the trans-
formation from the geometric domain to the numerical one:
the point cloud, as an expression of the material form and
spatial configuration of the built environment, is translated into
matrices of values that quantitatively describe surface variation.
These operations yield a dataset that does not reproduce the
object’s physical geometry as such, but rather describes and
visualises its behavioural properties. From this perspective,
drawing becomes an instrument of analysis and interpretation,
capable of making perceptible phenomena that are not evident
in geometric restitution alone.

The aim of the workflow is therefore to measure and
make comparable—according to criteria of standardisation,
traceability, and replicability—changes in orientation, irregu-
larities, and potential deformations. Result quality is assessed
against three main criteria. First, repeatability: given the same
inputs and parameters, the process must deliver consistent
outputs, minimising variability introduced by manual steps
or implicit choices. Secondly, robustness: understood as
the capacity to maintain interpretative stability even in the
presence of noise, non-uniform point density, or differences
between acquisitions.  Thirdly, comparability: indicators
and outputs are constructed to enable direct comparisons
between different datasets and between different phases of the
same object, ensuring consistent scale, sampling criteria, and
output formats. Within the workflow, slope and curvature are
computed and used as primary indicators; these descriptors
are useful both for morphological analyses (recognising forms
and irregularities) and for operational needs such as planarity
control, deformation diagnosis, and support for interpreting
issues that may be relevant from a conservation or structural
standpoint (Yang et al., 2017).

The workflow maintains two complementary levels, con-
sistent with the theoretical framework outlined above: 3D
surface analysis and directional, section-based analysis.

The first level consists of a 3D surface reading, aimed at
providing a global diagnosis of orientation and local discon-
tinuities. Conceptually, geometry is interrogated by estimating
local surface attitude from point neighbourhoods; this enables
the production of synthetic orientation maps and the rapid
identification of rotations, changes in attitude, and areas where
the surface exhibits anomalous or differentiated behaviour. At
this stage, point-cloud processing and visualisation tools (e.g.,
CloudCompare) are used for inspection, quality control, and
pre-processing, as well as for computing normals and gener-
ating orientation maps—such as Dip and Dip Direction—to
support diagnosis and segmentation (Antova and Peev, 2024).
Alongside the three-dimensional reading, the method includes
a second analytical line based on sections extracted along prin-
cipal axes or along particularly representative directions. This
choice is motivated by an operational requirement: in many
technical contexts, planar sections remain the most effective

instrument for dimensional verification and for communicating
results. Section-based analysis enables a more controlled and
legible profile reading, reducing interpretative ambiguities
that are typical of three-dimensional maps alone. Moreover,
by constraining analysis to a defined trace, the influence of
adjacent portions of the point cloud that might introduce
irrelevant disturbances (lateral elements, noise, out-of-plane
components) is limited. In this sense, section-based reading
does not replace the three-dimensional one, but complements
it: the former makes comparison along a chosen direction more
rigorous, whilst the latter maintains a global view of the surface.

Operationally, section analysis is performed via a MAT-
LAB script that selects points within a narrow band, orders
them along the profile direction, and reconstructs a continuous
trend through a smoothed curve, so as to derive indicators
consistent with slope and curvature. The slope of a curve
z = f() is defined as the first derivative:

_dz

W= (1)

In three-dimensional contexts, slope corresponds to the mag-
nitude of the gradient of a surface:
d?z
K= .
dxdy

2

The physical interpretation of these parameters is more imme-
diate:

1. Slope expresses the change in elevation relative to hori-
zontal distance. It quantifies local inclination and, in phys-
ical terms, represents the energy required to overcome a
rise, the stability of a slope, or the resistance to flow. In
architectural or territorial surveys, slope serves as a key
indicator of the morphology of both built and natural en-
vironments (1).

2. Curvature, calculated through the second derivative, de-
scribes the rate at which a line or profile changes direc-
tion in space. It is directly related to concepts of stability
and stress: high curvature values correspond to ridges, de-
pressions, or edges, which often mark zones of instability
or stress concentration. In architecture and structural en-
gineering, curvature highlights areas of deformation and
discontinuity, offering insights into the static and dynamic
behavior of built systems (2).

The differential analysis of XYZ data through slope and
curvature provides an effective framework for interpreting sur-
face geometry and behavior. Slope describes local inclinations,
whereas curvature captures directional variations, enabling the
identification of significant morphological features. When com-
bined, these parameters allow a transition from basic geometric
measurements to higher-level knowledge, supporting applica-
tions that range from built heritage documentation to geotech-
nical modeling, structural analysis, and territorial management.
In common open-source and licensed software environments,
slope and curvature are computed directly on point clouds by
first estimating a unit normal vector at each point within a user-
defined neighborhood (e.g., k-nearest neighbors or fixed-radius
search). Using a standard least-squares plane fitting approach,
the local covariance matrix is defined as

C=—-% (i-p)p-p", 3
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where p; are the neighboring points and p is their centroid. The
unit normal vector 1 is obtained as the eigenvector correspond-
ing to the smallest eigenvalue of C. Normal orientation can
be consistently propagated using a preferred axis, sensor view-
point constraints, or minimum spanning tree strategies.

Local slope is derived from the gradient of the fitted plane,
while curvature can be estimated either through local quadric
surface fitting or by eigenvalue-based descriptors, with prin-
cipal curvature directions given by the associated eigenvectors.
The combined use of slope and curvature therefore represents
a robust and interdisciplinary methodological tool, supporting
both scientific investigation and operational workflows in en-
gineering, architecture, and conservation.

The implementation strategy is based on a Python-driven work-
flow that programmatically generates MATLAB scripts to pro-
duce advanced plots and derived representations of surveyed
point-cloud models. Python is used for data mediation, auto-
mation, and workflow control, while MATLAB provides robust
numerical processing and publication-quality visualization cap-
abilities. Beyond omnidirectional neighborhood analysis, the
methodology introduces a directional estimation of slope and
curvature constrained to user-defined planar sections. This ap-
proach enables the analysis of thin, targeted slices of the point
cloud, reducing the influence of adjacent or disturbing elements
and yielding section-specific geometric descriptors. By restrict-
ing computations to selected profiles, the method complements
surface-based metrics with section-aligned slope and curvature
information.

The workflow is applied to a geotechnical case study compar-
ing pre- and post-test point clouds. Longitudinal sections ex-
ported as ASCII tables are processed by fitting smoothed cubic
splines, from which first and second derivatives are computed,
visualized, and exported, supporting standardized analysis and
operator-oriented reporting.

3.1 Inputs and key parameters

The workflow operates on planar sections exported from Cloud-
Compare as ASCII files containing three-dimensional coordin-
ates. Two datasets are considered, corresponding to the initial
and final survey epochs. The target section is defined by a nom-
inal midline along the Y axis and by a narrow selection band
that isolates a thin slice of the point cloud yo = v .

The half-thickness of the section is controlled by a tolerance
parameter &, and points are retained only if their coordinates
satisfy the following condition:

Yo—0<Y <yo+6 (€]

The selected points are processed along the section direction by
fitting a cubic smoothing spline, whose behavior is governed by
a smoothing parameter p:

0<p<l. )

3.2 CSAPS Smoothing spline formulation

A key issue concerns smoothing, introduced to ensure ro-
bustness: when local-variation indicators are derived, noise
may be amplified and translate into interpretative instability;
smoothing is therefore adopted as a controlled and coherent

regularisation procedure (Broberg et al., 2025).

The cubic smoothing spline s(x) is computed by minim-
izing a functional that balances fidelity to the measured data
and global smoothness:

pri (yi — s(oci))2 +(1-p) /(s”(a&))2 dz. (6)

The first term enforces adherence to the observed data, while
the second penalizes excessive curvature. Values of p close to
unity result in an almost interpolatory spline, suitable for high-
quality survey data, whereas lower values increase smoothing
at the expense of pointwise accuracy (figure 1). With p — 1,

0.01 (smooth)
p =1 (interpolatory)

05

Figure 1. Effect of the smoothing parameter p in MATLAB’s
CSAPA.

the spline closely follows the measured profile, enabling reli-
able estimation of first- and second-order derivatives (slope and
curvature proxies) along the selected section (Figure 1).

3.3 Core routine: process section

All processing steps for a single dataset are encapsulated in a
dedicated routine that returns uniformly sampled profiles, first
and second derivatives, cleaned input points, and the spline
model:

(ch,zq,dz,ddz,a:u,zu,sp) = p_s(filename, yo, 5, p). (7)

After importing the point cloud section as a set of coordinates
(X,Y, Z), athin planar strip is isolated around the target section
midline by enforcing the selection criterion:

Yo—0 <Y <yo+0. (8)

The retained points are sorted along the abscissa and de-
duplicated to ensure a single-valued mapping Z = f(X),
which is required for one-dimensional spline fitting. A cubic
smoothing spline s(X) is then fitted to the cleaned data:
Z=s(X), secC ©)
with smoothing controlled by the parameter p. The spline is

evaluated on a uniform query grid defined over the observed
domain:

Tq S [min(l‘unique)y max(‘runique)} . (10)
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From the fitted spline, the profile and its derivatives are com-
puted as:

az d*z
= d7X7 ddZ = dX2

2 = 8(xq),  dz (11)
The routine is applied independently to the initial and final sur-
vey epochs, yielding two comparable sets of profiles, slopes,
and curvature proxies.

A reference design polyline {zyef, zrer } is used for comparison,
and piecewise slopes are computed by finite differences:

Zref,k4+1 — Zref,k

me = k=1,....n—1. (12

)
Tref k+1 — Lref k

The resulting profiles and derivatives are visualized in three dia-
gnostic panels (profile, slope, curvature) and exported both as
polyline files and as structured tables in an Excel workbook,
providing a standardized and operator-oriented output for fur-
ther analysis.

The workflow also includes comparison with a reference profile
(design or expected), which is useful for assessing deviations
in a direct and communicable manner. Outputs are organised
in graphical and tabular forms, with exports in simple formats
(tables and plots) to facilitate interoperability and reuse in
reports or subsequent analyses. The method integrates a
level of automation in Python, with the aim of standardising
repetitive steps (file selection, path definition, parameters, and
output naming) and reducing human error, thereby ensuring
consistency across successive runs. In addition, a wizard with
a graphical user interface guides the user in selecting inputs
and defining essential parameters, automatically generating
a pre-filled MATLAB script. In this way, the procedural
dimension is not left to contingent choices, but channelled into
a workflow that can be verified at every step. The methodology
is not configured as a sequence of isolated operations, but as
an integrated framework that renders geometry measurable,
readable, comparable, and communicable, maintaining a
balance between rigour and practicality.

Three-dimensional analysis provides a global diagnosis of
surface attitude and discontinuities, whilst section-based
analysis enables targeted checks and detailed comparisons.
The method nonetheless has intrinsic limitations: section-based
indicators depend on the quality of the reconstructed profile
and on smoothing choices; moreover, curvature should be un-
derstood as an operational indicator of profile variation—useful
for highlighting critical areas—but one that must be interpreted
with caution when drawing broader conclusions about the
surface as a whole. Explicitly stating these constraints, together
with standardising operational choices and enabling the work-
flow to be repeated under controlled conditions, constitutes
an essential part of the methodological value of the proposed
framework.

3.4 Python-assisted generation of MATLAB scripts for di-
mensional analysis

A dedicated Python-based utility was developed to automate the
generation of MATLAB scripts used for dimensional verifica-
tion and numerical analysis (Figure 2). The tool implements
a GUI-driven wizard that guides the user through data selec-
tion, parameter definition, and output configuration, producing
a ready-to-run .m file.

The workflow includes: (i) selection of pre- and post-
intervention datasets; (ii) validated acquisition of geometric
and numerical parameters defining the section extraction and
smoothing strategy; (iii) optional definition of a reference poly-
line; and (iv) standardized configuration of output files and
paths. All inputs are checked for consistency and formatted
to ensure direct compatibility with MATLAB syntax.

This approach minimizes manual editing, reduces the risk of
transcription errors, and ensures reproducibility of the analysis
pipeline. The generated MATLAB script constitutes the entry
point for the analytical procedures described in Section ??,
where dimensional deviations are computed against reference
or design models.

/
¥0 for section plane [es. 0.165]
Weleorel This wizard willcreste 3 MATLAB .n e for the tross-section survey.
0.165
ok oK Cancel
/ [ - o 23
Smoothing spiine parameter p (0.1, 1=interpolante) [es. 0.5395998) Export Excsl fila name
0.9999999 SectionAA_profiles xsx
oK Cancet oK Cancel
{ Parametro - o x / — O X
dett thickries: 0002]
B e B L D) Use the pradefined refersnce polyline [0.046 0.185
0.0002) 0.390 0.785 /-0.059 -0.069-0.199 -0.199] ?
oK Cancel si No

Figure 2. GUI of the Python wizard for automated generation of
MATLAB scripts dimensional analysis workflow.

3.5 Analytical workflow for structural thickness analysis
from raster profiles

The workflow provides an automated framework for the metric
analysis of arch dam cross-sections from raster data, with oper-
ator input limited to ROI definition. Raster sections are scaled
through a fixed pixel-to-metric factor s (m/px), and edge pixels
are extracted via Canny detection.

Within each ROI, upstream and downstream intradoses are
modelled as ideal circular arcs using a robust two-stage fit-
ting strategy (bounded RANSAC followed by algebraic refine-
ment), yielding the parameters (Cp, Rp) and (Cy, Ry). Ra-
dial thickness is computed analytically by casting rays from the
downstream centre,

X(t) =Cp +tu(y) (13)

and solving the ray-circle intersection with the upstream intra-
dos. The thickness is defined as

tp) =t"(¢) — Rp (14)

where t* () is the smallest positive intersection, accounting for
non-concentric geometries.The adherence of real pixels to the
ideal model is quantified through the radial residual

Ar=|[P-C|-R (15)

analysed as a function of the angular coordinate ¢ within a
structurally relevant sector. Global comparisons across arches
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include the evaluation of centre displacement vectors

Cp,i (16)

)

AC; = Cy, —

The results confirm the suitability of circular modelling while
revealing measurable thickness variations and centre offsets.

4. Study Cases

Tre Three representative experiences—the Gleno Dam, the
bridge over the Carso stream in Nembro, and a laboratory geo-
technical test on a sandy-slope model—illustrate the application
and progressive integration of modelling, computation, and rep-
resentation.

4.1 The Gleno Dam

The investigation focused on the morpho-logical analysis of the
main body and the internal cylindrical surfaces, with particular
attention to the inclination (slope) of the segments and to the
curvature of horizontal sections. Point clouds acquired through
TLS and UAV systems were processed to compute first- and
second-order derivatives, producing slope and curvature fields
that supported the recognition of planimetric deformations and
local anomalies.

In particular, the combined reading of the two indicators
made it possible to distinguish gradual geometric variations
from sharper changes attributable to surface discontinuities
or constructive irregularities (Figures 3 and 4). Overall,
the assessment yielded a coherent three-dimensional model
suitable for subsequent numerical simulation and structural
monitoring, in which discontinuities and anomalies emerged
that would otherwise have been difficult to identify (Figure
5). This outcome confirms the value of moving from a topo-
graphic description to a differential reading, in which form is
interpreted as a measurable signal that can be compared over
time.

Figure 3. ROI-based interpolation of upstream and downstream
circular intradoses and corresponding radial thickness
distribution.

4.2 The bridge over the Carso stream in Nembro

The survey aimed to compare the actual geometry with the
theoretical design geometry, in order to assess as-built fidelity
and detect potential deformations (Figure 6).

All UPSTREAM radii

Figure 4. Downstream vs. upstream radii of curvature of the
dam arches.

All arches — Thickness profiles 4 AE0QQ

Figure 5. Comparison of the arch profile evolution with respect
to the design thickness.

Differential analysis made it possible to determine local
deviations of the intrados, whilst examination of slope and
curvature revealed changes in inclination and geometric
discontinuities (Figure 7). It emerged that the arch was not
constructed using regular curved formwork, but rather through
straight formwork elements approximating a piece-wise-linear
profile.

3D geometric reconstruction of the bridge
Axonometic projection - north side 5

3D geometric reconstruction of the bridge
Parallel projection - north side

Figure 6. Axonometric structural representation of the bridge.

This construction solution generated inflection points and po-
tential stress concentrations. Beyond documenting the discrep-
ancy between the theoretical model and the actual configura-
tion, the results show how differential indicators can relate a
geometric deviation to a plausible construction cause, provid-
ing quantitative support for subsequent structural checks.
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Section AA'- Firs Derlvative (Siope)

Figure 7. Interpolation of the longitudinal bridge profile and
computation of z(z), 2’ (x), and 2" (z) for curvature assessment.
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4.3 Laboratory geotechnical test on a sandy-slope model

This case study concerns a scaled model of a sandy slope sub-
jected to dynamic loading in a geotechnical centrifuge (Fig-
ure 8). Comparing three-dimensional models acquired pre- and
post-event made it possible to measure displacements and dif-
ferential deformations (Figure 9).

[Sinaneaanan: P

The box containing the sample The centrifugal test scheme Vertical section scheme for transducers

Figure 8. Geotechnical test specimen and schematic layout of
the testing procedure.
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Figure 9. Interpolation of the longitudinal axis profile and
computation of z(x), 2’ (x), and 2"’ (z) for curvature assessment.

Directional derivatives enabled an anisotropic reading of the
deformation phenomena, identifying prevailing movement
directions and areas of stress concentration (Figure 10). The
case study provides an application of the algorithm previously
presented, applied to a specimen at a much smaller scale, with
overall dimensions below one metre, and requiring a signific-
antly higher survey resolution. The aim is to highlight both
the macroscopic mechanisms of the slope and the microscopic
behaviour of the soil grains.

The experimental campaign is designed to enhance the
readability of deformations before and after the seismic event
of the test, with reference to a predefined design geometry. The
test made it possible to identify the actual soil displacements
by comparing them with instrumental readings obtained from
displacement transducers installed within the specimen, and to

define a specific survey protocol for extracting longitudinal and
transverse sections at known distances.

This behaviour is clearly identifiable through numerical ana-
lysis, which can capture even minimal mechanical effects that
are not visually detectable.

In this sense, curvature does not merely describe how
much the surface bends; it becomes an indicator of the distri-
bution and localisation of change, useful for interpreting the
system’s response under loading.

Across different domains—historic structures, reinforced-
concrete infrastructure, and experimental geotechnical
modelling—the three cases confirm that differential surface
representation enables a shift from purely metric restitution
to morphological diagnosis: slope highlights gradients and

transitions; curvature captures inflections, discontinuities, and
local anomalies; and comparison between design and as-built
conditions renders discrepancies and differences measurable.
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Figure 10. Point cloud sampling Definition of the function and
its bidirectional and unidirectional derivatives along the
longitudinal axis.
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5. Conclusion

The proposed approach is characterized by a high degree of
methodological rigor and by the advantages it offers over
traditional techniques for morphological analysis. Modeling
the surface mathematically as a continuous function makes it
possible to interpret geometry in quantitative terms, moving
beyond a purely topographic description. Integrating hetero-
geneous tools (Python, MATLAB, and CloudCompare) enables
the construction of a scientifically reproducible procedure,
although it requires advanced technical expertise and careful
management of software dependencies.

Sensitivity to noise and sampling density constitutes an
intrinsic limitation, which can be mitigated through dynamic
calibration of smoothing parameters and by optimizing the
extent of the neighborhood area. This, in turn, highlights the
need for a preliminary data-quality control phase, in which
parameter selection is not a “graphical” act, but a traceable
and justified methodological decision. Differential analysis
of point clouds defines a shared numerical language for
three-dimensional representation, in which slope and curvature
assumes the role of universal measures of form. Grounded
in the link between first- and second-order derivatives, this
language opens new possibilities for dialogue across related
disciplines (drawing, geomatics, geotechnics, and the physics
of materials), fostering a more unified approach to morpho-
logical interpretation.The workflow outlined here integrates
differential calculus, scientific programming, and interactive
visualization, proposing a model that is applicable both to
research and to operational practice in architectural and envir-
onmental surveying.

Within this framework, the presented case studies provide
an empirical verification of the method’s transferability:
objects and scales vary, yet the ability to translate form into
comparable and interpretable indicators remains constant.

Future perspectives concern the development of fully open-
source pipelines and the use of artificial intelligence algorithms
for automated morphological analysis. In this direction,
the correlation between geometric function, derivatives, and
physical behavior is confirmed as a key element of scientific
surveying capable of integrating the objectivity of measure-
ment with the interpretative depth of analysis. The goal is to
consolidate an operational ecosystem in which acquisition,
computation, and visualization converge into a transparent,
replicable, and scalable chain, useful for both diagnostics and
monitoring.

6. Transparency Statement
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ated by Al The authors take full responsibility for the integrity
and accuracy of the manuscript.
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